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Abstract. A g-analogue of the multiple gamma functions is in- 
troduced, and is shown to satisfy the generalized Bohr-Morellup 
theorem. Furthermore we give some expressions of these function. 
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1. Introduction 

In 1904, E.W.Barnes defined the multiple gamma functions relevant 
to his zeta functions 0, ||, 0, 0. His works were influenced by 
the study of the integral functions which are motivated by number 
theory. M.F.Vignefas investigated the multiple gamma functions on 
her paper |19|]. She showed these functions to satisfy the "generalized 
Bohr-Morellup theorem" . These functions have been studied by many 
authors relevant to the determinant of Laplacian on Riemann surfaces 
and the Selberg zeta function in number theory and physics (For exam- 
ple p|, @). On the other hand, the g-gamma function was defined 



by F.H.Jackson ||, ||. R.Askey showed these function satisfies a q- 
analogue of the Bohr-Morellup theorem J^j. Recently P.G.O.Freund 
and A.V.Zabrodin constructed a hierarchy of S-matrices of integrable 
models by using the multiple gamma function and its g-analogue J7|. 
But their g-analogue remains some ambiguities because there is not 
the definition of the normalization factor of these functions in their 
paper. Motivated by Vignefas' and Askey's works, we construct a 
g-analogue of the multiple gamma functions exactly, which is a gen- 
eralization of the g-gamma function and satisfies a g-analogue of the 
generalized Bohr-Morellup theorem. We can see these functions have 
some expressions like the gamma function. Furthermore, they are re- 
lated to a g-multiple zeta functions like the case of Barnes' multiple 
gamma function and his multiple zeta functions [ I6[ , ||17|| . 



The author expresses his deep gratitude Professor Kimio Ueno for 
helpful discussions and constant encouragement. 

2. A SURVEY OF THE MULTIPLE GAMMA FUNCTIONS 

In this section we give a brief survey of the basic facts concerning 
the gamma function and its generalization. 

The gamma function are characterized Bohr-Morellup theorem. 

Theorem 2.1 (Bohr-Mollerup) . The gamma function satisfies 

1. T(z + 1) = zT(z), 

2. r(i) = i, 

3. ^lo g r(^ + l)>0/or^>0, 

and the function satisfying (l),(2),(3) is determined uniquely. 

We use expression of this function as follows. 

N\ 

V(z + l)= lim r ; -(N + lY. 

1 ; JV-°o (z + l )(z + 2 )■■■ (z + N ) K ' (21) 
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r(^+i) = n{(i+^ z f i +^ _1 i- (2-2) 



n/ \ n 



n=l 

where 7 is Euler constant. 
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As generalization of the gamma function, M.F.Vigneras constructed 
the multiple gamma functions by using a generalization of the Bohr- 
Morellup theorem [19|. First, we remark a theorem due to Dufresnoy 
and Pisot ||. 

Theorem 2.2 (Dufresnoy and Pisot). Let g(z) be a k times differen- 
tiable function andg( k \z) — > as z — > 00, then the function f(z) which 
satisfies 

f{z + l)-f(z)=g(z) 
exists. It is unique if /(0) is given. Furthermore, f(z) is k times 
differentiate and f^ k \z) is increasing for x > 

By this theorem, if we put 

f (z) = log(z + l), 

then we can determine f r (z) to satisfy 

f r (z)-f r (z-l)=f r ^(z), / r (0) = 0, 

because f r (z) is (r + l)-times differentiable and f!f +l \z) — > as z — > 
00. Hence we can define 

G r (z + 1) = exp/ r (z), 
then the next theorem follows (cf. [|19|1). 
Theorem 2.3. The functions G r (z) satisfies 

(1) G r {z + l) = G r - 1 (z)G r {z), 

(2) G r (l) = l, 

rfr+l (2.4) 

(3) _l og G r (z + l)>0 /or z>0, 

(4) G„Cz) = z. 

ilnd meromorphic function satisfies above properties is determined uniquely. 



These functions are called "the multiple gamma functions". For 
example, G%(z) is T(z). 
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3. The (/-gamma function 

In this section we review the g-analogue of the gamma function (The 
g-gamma function), which is known as 

00 (\ — n z+n \ _1 
r(z + l; ff ) = (l- ff )--n^ T= ^J . (3.1) 

R.Askey showed this function satisfies a q- analogue of the Bohr- 
Morellup theorem. 

Theorem 3.1 (Askey). For < q < 1, the function T(z; q) satisfies 

1. T(z + l;q) = [z}T(z;q), 

2. r(l;g) = l, 

3. lo g r(z + 1; g)>0 for z>0. 

The uniqueness of this function follows from this theorem and theo- 
rem |2.2j . This theorem suggests that Vigneras method can be applied 
to a g-analogue of the multiple gamma functions. 

The g-gamma function has the expressions which correspond to ( f2.1| ), 
(|2.2j). It is easy to show 



(3.2) 
(3.3) 



T(z + l;q) = lim MgLlli^! -\N + 1Y 

V ,HJ n->oc [ z + i][ z + 2]---[z + N} [ J 

and 

where we use a notation 

1 — q z 



l-q 

4. A g- ANALOGUE OF THE MULTIPLE GAMMA FUNCTIONS 

In this section, we define a g-analogue of the multiple gamma func- 
tions which satisfy a q- analogue of the generalized Bohr-Morellup the- 
orem, and we derive the expressions corresponding to Q2.1|) , ( |2.2|) . We 
assume < q < 1. 

Definition 4.1. Let z be in the right half plane {s 6 C|3?s > 0} and 
r G Z> , we define 

G (z + l;q) := [z + 1], 
G r (r+l;g):=(H)i)n (1 - q n ) 9 ^ z ' n) L for r>l 
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where 



9l (z,n):=0, g r (z,n):=j:(-ir^( Z \( n + m 2 ) for r > 2 

~± \r -ml \ m — 1 ' 



For example, G\(z\ q) is T(z; q). The infinite products of these func- 
tions are absolutely convergent, First, we prove a q- analogue of Theo- 
rem 



Theorem 4.2. Ifffiz > 0, then G r (z : q) satisfy 

1. G r (z + 1; q) = G r -i(z] q)G r (z; q), 

2. G r (l;g) = l, 

3. £^r\og G r+1 (z + l;q) > for z > 0, 

4. G (z;q) = [z}. 

The functions satisfying such properties are determined uniquely. 

Proof. First we remark next formulas. 

Lemma 4.3. 1. g r (0,n) = 0. 

2. g r (z,n) - g r (z - l.n) = g r -i(z - l,n) - (-l) r ~ x ( n ^2 3 ). 

These formula can be proved by direct calculation. Next we prove 
the claim of theorem. When r = 1, the claims are Theorem |3.1] . So it 
is sufficient to show the case r > 2. (2), (4) can be proved easily. So we 
prove (1) and (3). 

(l)We can see 

G r (z + 1; q) 

OO s 

= (i _ g )-(V)-C z :9 rj |(i _ ^+«-i)(-i)"( n +:7 2 )-(-i) r C 1 +:T 3 ) 

n=l ^ 

x (l _ g «)-(-i) r ( n +:T 2 )+^(^-i,n)+<; I --i( 2 -i,n)-(-i)'- i (' i +:- 3 ) 

= (i - g )-u) n \! (i - qy-^ 



n=l 



q' 

'1 _^+n-i\(-D"( n ::r 2 ) 



GV_iO;g)G>(2:; g). 



(3) We can see 
d r+l 



dz r + l 



logG r (^ + l;g) 
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jt+1 (co co f , _ r>\ (z+n)k \ 

-(-r^gC;:, 2 )v) 

n=lfe=l V r 1 / 

>o, 

because logg < 0. 

Finally, we prove the uniqueness of these functions. Because of the 
formula in the proof (3), 

d r+1 

^-^ log G r (z + I; q)^0 
as z — > oo. Hence the uniqueness follows from Theorem |2.2|. □ 



By Theorem (1), G r (z; q) can be defined when z ^ l + m\ogq/2n 
(I ; negative integer, m G Z). Next we consider expression like the 
formulas (12. II), 



Proposition 4.4. J/ 3te > 0, then 

(1) G* + I;,) = j™( Gr . l(s + 1; ,)... G ^ l(i + JV;9) n G,- m (iV + 1; , 

(2) G ,(» + i, g )=n( r Vr , \ nf V ( "r + V ) ) (: 

^ Gr-^z + n; q) £± x \ G P _ m (n; q) ) 



Proof. (1) First we prove next formulas 
Lemma 4.5. (1) For r > 1 



G r (N + l;q) = (l-q)-tr) H(l - g »)lrIiJ. 



n=l 



(2) Forr>2,N> I, 



£(m)(r-m) ^ { ( r-1 ) (r - l) } " 

(3j ForiV > I, n > 1, r > 2, 

fN-n\ fz\ r , . „ . . 

~ 2^ \9r\z + k - l,n) - r (fc - l,n)> = # r+ i(z,n). 
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They are shown by induction. We prove (1) of Proposition [4.4| . By 
Lemma |4.5| (1), 



lim 



G r -i(i;g)---GV-i(iV; q) 



n G r . m (N+l;q 



G r -i(z + 1; q) ■ --Gr-xiz + N ; q) ^ 

lim / (1 — f/)2fc=l{ ( r-l )~(r-l)}~£m=l (r-m) (m) _ (r) X TT TT I 

N 

x n (i - rao-^i^^-w-^H,")} 



n=l 



x (1 — g n )~I]f=i'tfr-l(2+fc-l,n)-9r-i(fc~l,n)} I _ 

n=N+l 



By Lemma O (2), (3) and 



nji 



;+n+fc-l\ (— l) I ~( fc ^ 2 3 ) oo /]^ _ „z+n\ (- 1 ) r ("r-i 2 ) 



k=0 n=l 

we obtain 
lim 



yU + k-l 



n T 



n=l 



G r -i(l;<?) •••G r _ 1 (iV;g) 



iv-oc [ G r _i (z + 1 ; q) ■ ■ ■ G r -i (z + N; q) ^ 



I] G r ^{N + l;q 



_ n\g r (z,n) 



x 



lim < TT (1 - q n ) Sm=i(! V -m)(r 
So, it is sufficient to show 



Y[ (1 - q n )(r-m)(m) 
n=N+l 

We can see 
log] fj (l-g n )(r-«)(A) 



as iV — ► oo. 



n=Af+l 



< 



E 

n=JV+l 



,r — m i 



log(l - ?") 



< 



— V (n- AO(™-N + l)---(n-iV + r-m-l)g ri 
(r-m)!(l-g) n 4r+i 



(r-m)!(l-g)^i 



Yj(n + r — m — l)(n + r — m — 2) ■ ■ ■ (n + l).ng r 
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where we take the principal value of logarithms. This tend to as 
N — > oo on any region, since 

J oo 

— r On + r — m — l)(n + r — m — 2) ■ ■ • On + l).n.q n 

(r-m)\(l-q) n=1 

takes finite value. Thus, 



log J (l-g n )(—)( ; 



Hence the claim follows. 



as N — > oo. 
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(2) By using (1), we can prove the claim easily. □ 
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